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1/r - POTENTIAL WITHOUT CHARGE
K. Buchner
Abstract
In order to get geodesically complete Reißner-Nordstrøm space-times,
it is necessary to identify pairs of singular points. This can be done in
such a way that ”wormholes” are created which generate electric field
lines without any charge. Finally, it is shown that it is possible to glue this
space-time not in the singularities r = 0, but at some r > 0. The surface
energy generated by this gluing is exotic, but tends to zero in the limit
r → 0.
1 Introduction
More than 40 years ago, Archibald Wheeler has realized [18], [19] that non-trivial
electric fields can be generated, whose field lines do not end in electric charges.
Instead some domain of the space is cut out, in which the charge would be ex-
pected. To this ”hole”, a channel (”wormhole”) is attached, through which the
field lines pass to some other place such that the divergence of the field lines
vanishes. So no charges are needed - they are replaced by special topological
structures.
For the realization of this idea, one starts from the Reißner-Nordstrøm solution
[13], [14] to Einstein’s equations. It contains an electric field proportional to 1/r2.
Visser has cut out the regions r < ǫ from two Reißner-Nordstrøm space-times,
and has glued together the remaining parts along the subspaces r = ǫ [16], [17].
He wanted to obtain a ”transversable” wormhole. Therefore he has chosen ǫ
larger than the outer horizon r+. But this causes some problems:
The geodesics passing through the subspace r = ǫ are not C2. (Trivially, they can
be made continuously differentiable everywhere.) This means that freely falling
particles get a δ-like kick at r = ǫ. Second, the Ricci tensor contains a singularity
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proportional to δ(r − ǫ). Therefore the energy-momentum tensor T has surface
terms. They violate the ”average null energy condition”
gij γ˙
i(τ) γ˙j(τ) = 0 ⇒
∫
Tij γ˙
i(τ) γ˙j(τ) dτ ≥ 0(1)
τ : generalized affine parameter
[9], [17] for some curves τ 7→ γ(τ), i.e. the surface matter is ”exotic”. This is
true for all spherically symmetric transversable wormholes, whatever the specific
assumptions are. A good survey of the literature on this subject is given in [17].
In the present work, we want to develop a model for the topological generation
of charge via wormholes. This is done for the specific example of electric charge,
but, of course, the idea applies to all kinds of charge. For this purpose, it is not
necessary to have transversable wormholes: We do not need information from the
”other part of the world”. In addition, we can not even expect to get transversable
wormholes, because in the Reißner-Nordstrøm solution with M2 > Q2, the mass
and charge are hidden by two horizons. So it would be very surprising, if one
could avoid all horizons by introducing wormholes and leave the rest of physics
unchanged.
The most natural way to reach our goal is to identify singularities r = 0 in the
maximal analytic extension of the Reißner-Nordstrøm solution. Then in the case
M2 > Q2, no changes of space-time outside the horizons are needed. By this
identification, the topology becomes non-trivial - a fact which is to be expected:
Einstein´s equations determine only the local geometry, but in most cases give
little information about the global structure of space-time. It has to be deter-
mined by other requirements.
In order that this identification makes sense, one needs a precise definition of
singularities. This is still an open problem. But here, we are not interested in
the most general situation. Instead, one can start from the maximal analytical
extention and use some theory defining the necessary geometric quantities in the
singularity. The details of such a theory are irrelevant in this connection, because
all functions are uniquely determined by their behaviour near the singularity. In
the present work, the Reißner-Nordstrøm solution together with its singularities
is considered as a d-space [7], [8]. They are almost identical to the differential
spaces of [10] and [12]. For the discussion of differential equations on these spaces,
the results of [5] are used. But as remarked above, most other generalizations of
differential manifolds will lead to the same results. This is true in particular for
the differential spaces described in [10] and [12].
In addition, gluing of two Reißner-Nordstrøm solutions at some r = ǫ > 0 will
be discussed. Here, exotic surface matter appears. But the energy of the electro-
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magnetic field rises as 1/r, whereas the contribution of the surface matter tends
to zero for ǫ → 0. Therefore, by an appropriate choice of ǫ, the ratio of the
surface energy to the electric energy can be made arbitrarily small.
Gluing at r = 0 has the advantage that all geodesics are everywhere C3. On the
other hand, gluing at some ǫ > 0 avoids the singularities in the metric and the
electric field, but entails surface matter.
2 The global structure of the Reißner-Nordstrøm
solution
The Reißner-Nordstrøm solution [13], [14] to Einstein’s equations
Rik − 1
2
Rgik =
8 πG
c2
Tik G: Newton’s gravitational constant
describes a static spherically symmetric object with electric and magnetic fields.
It is given by the metric
ds2 =
∆
r2
dt2 − r
2
∆
dr2 − r2 dΩ2(2)
with the abbreviations
∆ = r2 − 2Mr +Q2
and
dΩ2 = dϑ2 + sin2ϑ dϕ2 .
Here M and Q are constants determined by the mass m, the electric charge q
and the magnetic charge qm, respectively, of the object:
M =
2Gm
c2
; Q2 =
G
4 π ǫ0 c4
(q2 + q2m)
So the Reißner-Nordstrøm solution may contain also a magnetic monopole. But
in the following, we will set qm = 0, unless the contrary is stated explicitely.
We shall restrict ourselves to the case M2 > Q2. For elementary particles, this
condition is violated by many orders of magnitude. On the other hand, all ”el-
ementary” objects, i.e. quarks and leptons, have spin. Therefore the Reißner-
Nordstrøm solution does not apply to them, no matter, wether M2 > Q2 or
M2 < Q2.
3
The construction of the maximal analytic extention starts from the three regions
A : 0 < r < r−
B : r− < r < r+
C : r+ < r <∞ .
Here r+ and r− are the zeros of ∆:
r+ := M +
√
M2 − Q2(3)
r− := M −
√
M2 − Q2 .(4)
It is convenient to introduce new coordinates u, v by
A and C : u := t − r∗; v := t + r∗(5)
B : u := t + r∗; v := r∗ − t,(6)
with the abbreviation
r∗ :=
∫
r2
∆
dr = r +
r2+
r+ − r− ln | r − r+ | −
r2
−
r+ − r− ln | r − r− |(7)
Next, one constructs the new regions A′, B′ and C ′ from A, B and C, respec-
tively, by replacing u 7→ −u; v 7→ −v in (5) and (6). These six regions are
composed to a periodic ”ladder” according to fig. 1 (see, e.g. [6], [9]). The
transformations
An : U := arc tg(−e−αu) + (n+ 1) π
V := arc tg(eαv) + nπ
Bn : U := arc tg(e
αu) + nπ
V := arc tg(eαv) + nπ
Cn : U := arc tg(−e−αu) + nπ
V := arc tg(eαv) + nπ
A′n : U := arc tg(−e−αu) + (n−
1
2
) π(8)
V := arc tg(eαv) + (n− 1
2
) π
B′n : U := arc tg(e
αu) + (n− 1
2
) π
V := arc tg(eαv) + (n− 1
2
) π
C ′n : U := arc tg(−e−αu) + (n+
1
2
) π
V := arc tg(eαv) + (n− 1
2
) π
α := (r+ − r−) / (2 r2+)
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define global parameters (U, V, ϑ, ϕ). Here U +V may be interpreted as ”time”,
and U − V as ”radius”. With these coordinates, the line element (2) becomes:
ds2 = − 4
α2 r2
| r − r+ | | r − r− |
sin (2U) sin (2 V )
dU dV − r2 dΩ2 .(9)
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Figure 1: Maximal analytic extention of the Reißner-Nordstrøm space-time.
Dashed lines: r=const. The solid line with arrows shows a photon starting in Cn
and passing to C ′n+1 through a singularity.
It can be seen from fig.1 that this maximal analytic extension is not geodesically
complete, because all radial spacelike and lightlike geodesics end in the singulari-
ties. This suggests to identify the singularities in An with those in A
′
m for suitable
pairs m, n. But, of course, the metric (9) and its derivatives are not defined in
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r = 0. So it is not possible to apply here the usual rules [11], [15] for gluing
spaces in General Relativity, i.e. to require that the metric (9) is at least C2 in
the tangential directions and C1 in the normal direction. Instead, one consideres
the geodesics passing through the singularities. By definition, they need to be C2-
functions of their parameters. And in order to define ”geodesic” coordinates, it is
necessary [3] that their limits for r → 0 are at least C3 in An∪A′m. But in general
it is not possible to work with affine parameters, as the metric is singular at r = 0.
The first step is to generalize differential manifolds in such a way that the singu-
larities can be included. For this, the d-spaces of [7], [8] will be used, which have
been very useful in the discussion of Schwarzschild´s metric, the radiation filled
Friedmann universe and some more exotic space-times [1], [4]. The basic idea
is to replace the coordinate functions in the definition of differential manifolds
by a more general set C of functions. In particular, no compatibility conditions
between different charts are needed. The only requirement is that one can add,
substract and multiply the functions in C. This leads to the following definition:
Let M be a topological space. The pair (M,C) is called d-space, if C is a sheaf
of continuous real-valued functions on M which form an algebra w.r.t. pointwise
operation.
For these d-spaces, it is simple to construct the tangent vectors as ”directional
derivatives”:
Let (M,C) be a d-space and Cx the stalk at x ∈M . A map
V : Cx → IR
is called tangent vector to (M,C) in x, if for all n ∈ IN , all f1, . . . , fn ∈ Cx, and
all germs α of C1(IRn, IR) at y := (f1(x), . . . , fn(x)) ∈ IRn, the equation
V (α ◦ (f1(x), . . . , fn(x))) =
n∑
i=1
(∂i α) · V (fi)
holds, provided α ◦ (f1, . . . , fn) ∈ Cx. Here ∂i α denotes the partial derivative of
α w.r.t. the i-th argument.
For the construction of geodesics, it is necessary to have some theory of differen-
tial equations. In general, such a theory does not exist. But in the case under
discussion, the regular points are dense in the d-space. Here the results of [5]
guarantee existence and uniqueness of the solutions.
In such a theory it is possible to glue the singular points in An to those in A
′
m.
It is natural to require m = n+1 and to identify points with equal ”local times”
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t or with equal ”global times” U + V . We choose the latter possibility: If the
points (r = 0, t) ∈ An are identified with the points (r = 0, t) ∈ A′n+1, there exist
causal geodesics, which come arbitrarily close to themselves. To see this, regard
the lines in fig.1 with U = n + π/2 or V = n + π/2. A lightlike geodesic just
below such a line would be continued to a geodesic just above that line.
Gluing points with r = 0 and equal values of U + V entails a time reflexion, i.e.
an identification of the points (r = 0, t) in An with the points (r = 0,−t) in An+1.
3 The geodesics in r = 0
The geodesics are most easily computed in the local coordinates (r, ϑ, ϕ, t). The
method is similar to that used for Schwarzschild’s solution: Because of spherical
symmetry, it is possible to put ϑ = π/2 = const. In this way, the equations are
considerably simplified, and the first integrals are easily obtained. The results
for spacelike geodesics are [6]:
dϕ
dτ
=
L
r2
(10)
dt
dτ
= E
r2
∆
(11) (
dr
dτ
)2
= E2 +
∆
r2
(
1 − L
2
r2
)
.(12)
E and L are constants of integration. It can be seen from (12) that spacelike
geodesics in An and in A
′
m reach the value r = 0, if and only if L = 0 (radial
geodesics). In the limit r → 0, equations (10) - (12) yield for L = 0
d
dτ
(r(τ), ϑ(τ), ϕ(τ), t(τ)) →
(
±Q
r
, 0, 0, E
r2
Q2
)
(13)
or
(r(τ), ϑ(τ), ϕ(τ), t(τ)) →
(
±
√
2 | Qτ |, π
2
, ϕ0, sign(τ)
E
|Q| τ
2 + t0
)
.(14)
These equations show that the radial spacelike geodesics can be continued through
the singularities such that they are (at least) C3 in the sense of d-spaces. This
includes the fact that they are three times continuously differentiable on An ∪
A′n+1 − {(r = 0, t) | t ∈ IR}. But this is only true, if suitable curve parameters σ
(not the arc length τ , but e.g. σ := τ/r) and appropriate constants of integration
are chosen (positive sign in (14) and positive (resp. negative) sign in (13) for
Qτ > 0 (resp. < 0); E and t0 change their sign in τ = 0.) Notice that in σ = 0
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both, dr/dσ and t(σ) have to change sign. Otherwise the geodesics are not C3.
A general discussion of the gluing conditions can be found in the review paper [3].
Of course, the arc length τ is not a good parameter near r = 0, because the
metric is singular and τ is not well defined. If the tangent points in r-direction,
i.e. if E = 0, equation (12) yields:
dr
dτ
= ±
√
∆
r2
(15)
with the solution (remember that ∆ ≥ 0 holds in A and A′):
√
∆ + M ln
(
M − r −
√
∆
)
= ±τ + τ0 .
Here τ0 is a constant of integration. This implicit equation for r(τ) shows that
the r-lines are geodesics which can be continued through the singularities.
In addition to the spacelike geodesics, also the radial lightlike geodesics reach the
singulatity. Their equations can be derived as in the spacelike case [6]. With an
affine parameter τ they read:
dr
dτ
= ±E
dt
dτ
=
E r2
∆
(16)
dϑ
dτ
=
dϕ
dτ
= 0 .
This yields
dr
dt
= ±∆
r2
with the solution
t = ±r∗ + konst
(cf.(7)). It is convenient to choose the parameter τ such that r(0) = 0 holds. If
in addition the constant E changes sign in r = 0, then these geodesics are of class
C∞ in r = 0 (in the local coordinates U and V modulo π/2; cf. (8) and [2]).
4 The charge in the Reißner - Nordstrøm solu-
tion
The electromagnetic field tensor of the Reißner-Nordstrøm solution is [17]:
F =
1
4 π ǫ0
(
q
r2
∂
∂ t
∧ ∂
∂ r
+
qm
r4 sin ϑ
∂
∂ ϑ
∧ ∂
∂ ϕ
)
(17)
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From this, the components ji of the four current can be computed:
ji = F ik;k .(18)
Here the semicolon denotes the covariant derivative. For r > 0, it follows im-
mediately from (20) below, that the components j1 and j2 vanish. The other
components are:
j3 =
−1
4 π ǫ0
[
d
dϑ
(
qm
r4 sin ϑ
)
+
qm
r4 sin ϑ
cot ϑ
]
= 0
and
j4 =
q
4 π ǫ0
(
2
r3
− 2
r3
)
= 0 .
At r = 0, equation (18) can not be used, as F diverges. But it is possible to
compute the exterior derivative by Gauß’s theorem. This means to discuss the
electric field lines near r = 0. In our coordinates, these are the r-lines. It has
been shown in the last section that they pass through the singularities. Therefore
the divergence of the electric field vanishes: After gluing the space-time, the ǫ-
neighbourhood V of the points r = 0 consists of two balls with center at r = 0:
One in An, and one in A
′
n+1. Consider∫
V
J =
∫
V
d F ∗ =
∫
V
d(ǫijkl F
kl dxi ∧ dxj)
=
∫
∂ V
ǫijkl F
kl dxi ∧ dxj(19)
with qm = 0. Then only the components (k, l) = (1, 4) contribute. As the field
lines crossing the sphere in An pass it from outside to inside, while they pass
the sphere in A′n+1 in the opposite direction, the total surface integral over ∂ V
vanishes. This is even true, if qm 6= 0: The term F 23 in (19) is present only in
integrals in x1- and x4-direction. But in the x1-integration, the contribution from
An cancels that from A
′
n+1. So also this integral vanishes, and we finally get:∫
V
J = 0 .
5 Energy and momentum
In this section, we glue the space-time not in the singularity r = 0, but at finite
values of r. For this, we choose some ǫ satisfying 0 < ǫ < r− (see (4)) and delete
all points with r < ǫ. Then we identify the points (r = ǫ, t) in An with the
points (r = ǫ,−t) in A′n+1 in a similar way as we did before. The stability of such
surfaces r = ǫ between two parts of Reißner - Nordstrøm space-times has been
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discussed by Visser [16], [17].
The r-lines are geodesics perpendicular to the boundary r = ǫ. If one follows
such a line, the r-values first decrease, until the boundary r = ǫ is reached. Then
they increase again. But, of course, at the boundary dr/dτ 6= 0 (cf. (15)). There-
fore the derivatives of the metric in the direction of τ are discontinuous and the
Einstein tensor gets additional terms proportional to δ(r − ǫ) [11], [15]. The ex-
istence of such terms can also be seen from a simple consideration: If they would
be absent, the radial lightlike geodesics would go on to the singularity r = 0.
But at r = ǫ, they have to change their direction towards increasing r-values.
Therefore some interaction is needed which forces them to do this.
In the coordinates (r, ϑ, ϕ, t), the only non-vanishing Christoffel symbols are:
Γ111 =
1
2
−2M
r2
+ 2Q
2
r3
1 − 2M
r
+ Q
2
r2
Γ122 = −
(
1 − 2M
r
+
Q2
r2
)
· r
Γ133 = −
(
1 − 2M
r
+
Q2
r2
)
· r sin2 ϑ
Γ144 = −
1
2
(
1 − 2M
r
+
Q2
r2
) (
−2M
r2
+
2Q2
r3
)
(20)
Γ212 = Γ
2
21 =
1
r
Γ233 = − sin ϑ cos ϑ
Γ313 = Γ
3
31 =
1
r
Γ323 = Γ
3
32 = cot ϑ
Γ414 = Γ
4
41 = −
1
2
−2M
r2
+ 2Q
2
r3
1 − 2M
r
+ Q
2
r2
The normal to the boundary, pointing away from the region A resp. A′ has the
components
(ni) =

 −1√
1 − 2M/ǫ + Q2/ǫ2
, 0, 0, 0

 ; ni ni = −1 .(21)
The second fundamental form K of the boundary is defined by
Kij = −1
2
((∇i n)j + (∇j n)i) ; i, j = 2, 3, 4 .
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Together with (20), this yields in the limit r → ǫ; r < ǫ:
K22 = ǫ
√
1 − 2M/ǫ + Q2/ǫ2
K33 = ǫ sin
2ϑ
√
1 − 2M/ǫ + Q2/ǫ2(22)
K44 = −(M/ǫ2 −Q2/ǫ3)
√
1 − 2M/ǫ + Q2/ǫ2
All other components of K vanish. Therefore the energy-momentum tensor T
gets the additional terms from the boundary [17]
Zij =
c2
4 πG
δ(r − ǫ) (−Kij + Krr gij) ; i, j, r = 2, 3, 4 .
For Krr , (22) yields
Krr =
−2 + 3M/ǫ−Q2/ǫ2
ǫ
√
1− 2M/ǫ+Q2/ǫ2
.
In the limit ǫ→ 0, the leading terms in Krr are −|Q|/ǫ2. So one obtains
Z44 → −c
2 δ(r − ǫ)
4 πG
2 |Q|3
ǫ4
.(23)
The additional energy due to the gluing is
E =
1
6
∫
ur Z ir ǫijkl dx
j dxk dxl ,
where ǫijkl is defined as
ǫijkl =
√
|det g|


+1
0
−1
and u is the four-velocity of an observer at rest:
(ur) = (0, 0, 0,
1√
1− 2M/ǫ+Q2/ǫ2
) .
(23) shows that the additional energy E is negative and tends to zero, if ǫ goes
to zero. Therefore there is exotic matter (i.e. matter violating the average null
energy condition) on the surface r = ǫ, but its contribution to the total energy
can be made arbitrarily small: Remember that the components T
(em) i
j of the
electromagnetic energy-momentum tensor are proportional to 1/ǫ4 (see (17)). So
we obtain the well-known result that the electromagnetic energy E ′ is propor-
tional to 1/ǫ, i.e. the ratio between the electromagnetic energy and the surface
energy becomes arbitrarily large. Therefore also the stability of the system is
completely determined by the electromagnetic self-energy.
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To sum up, we have the following results: Gluing the two parts of the Reißner-
Nordstrøm solution at some small r = ǫ > 0 avoids the infinite self-energy of
a point charge and the singularities in the metric. Furthermore, although there
exists exotic surface matter, its contribution to the total energy can be made
arbitrarily small, if ǫ tends to zero. On the other hand, if the two parts of the
Reißner-Nordstrøm solution are glued together in the singularity r = 0, there is
no surface energy.
References
[1] M. Abdel-Megied, K. Buchner, R.M.M. Gad: Topologie und Verklebung sin-
gula¨rer Raum-Zeiten. Proc. 4th Intern. Congr. Geometry, N. K. Arte´miadis
and N. K. Stephanidis ed., Thessaloniki 1996, 57 - 68
[2] A. Beigel: Die Singularita¨ten der Reißner - Nordstrøm- und der Kerr - New-
man - Raumzeit. Diplomarbeit, TU Mu¨nchen 1999
[3] A. Beigel, K. Buchner: d-spaces, singularities, and the origin of charge.
Proceedings of the 4th International Workshop on Differential Geometry,
Brasov, Romania 1999. G. Pitis and G. Munteanu ed. Transilvania University
Press, Brasov 2000
[4] K. Buchner: Differential spaces and singularities of space-time. General
Mathematics 5 (1997), 53 - 66
[5] K. Buchner, K. Bu¨schel: Dynamical systems on differential spaces. Proc.
23rd National Conf. on Geometry and Topology, Cluj-Napoca 1995, 30 - 37
[6] S. Chandrasekhar: The mathematical theory of Black Holes. Oxford Univer-
sity Press, Oxford 1998
[7] M. Gerstner, K. Buchner: Differential spaces based on local functions.
Analele S¸tiint¸. ale Univ. ”Ovidius” Constant¸a, Ser. Mat. III (1995), 37 -
45
[8] M. Gerstner, K. Buchner: The topology of differential spaces. Analele S¸tiint¸.
ale Univ. ”Al. I. Cuza”, Ias¸i, 42 (Supliment) (1996), 101 - 111
[9] S. Hawking, G. F. R. Ellis: The large scale structure of space-time. Cam-
bridge University Press, Cambridge 1976
[10] M. Heller, W. Sasin: Structured spaces and their application to relativistic
physics. Journ. Math. Phys. 36 (1995), 3644 - 3663
[11] Lanczos: Fla¨chenhafte Verteilung der Materie in der Einsteinschen Gravita-
tionstheorie. Ann. d. Physik 74 (1924), 518 - 540
12
[12] M. A. Mostow: The differential space structures of Milnor classifying spaces,
simplicial complexes, and geometric realizations. Journ. Diff. Geom. 14
(1979), 255 - 293
[13] G. Nordstrøm: On the energy of the gravitational field in Einstein‘s theory.
Proc. Kon. Ned. Akad. Wet. 20 (1918), 1238 - 1245
[14] H. Reißner: U¨ber die Eigengravitation des elektrischen Felds nach der Ein-
steinschen Theorie. Ann. d. Physik 50 (1916), 106 - 120
[15] N. Sen: U¨ber die Grenzbedingungen des Schwerefeldes an Un-
stetigkeitsfla¨chen. Ann. d. Physik 73 (1924), 365 - 396
[16] M. Visser: Quantum wurmholes. Phys. Rev. D 43 (1991), 402 - 409
[17] M. Visser: Lorentzian wurmholes. AIP Press und Springer-Verlag 1995
[18] A. Wheeler: Geons. Phys. Rev. 97 (1955), 511 - 536
[19] A. Wheeler: Einstein´s Vision. Springer-Verlag 1968
K. Buchner
Energiepolitischer Sprecher der o¨dp
Straßbergerstr.16, D-80809 Mu¨nchen
13
